Motivated by a question in commutative algebra and inspired by the work of Sturmfels, we introduce the class of base-sortable matroids and show that it is closed under several matroid operations. All matroids of rank 2 are base-sortable and we give a characterization of base-sortability by excluded minors in the case of graphic matroids and rank 3 matroids. Transversal matroids with certain presentations are also base-sortable.
INTRODUCTION
A matroid M on [d] = {1, . . . , d} is a pair ([d] , I), where I is a pure simplicial complex on
[d] whose maximal faces, called bases of M, satisfy the basis exchange axiom (see Section 2 for a rough survey). For a detailed introduction to matroid theory we refer to [9] . Let B = {B 1 , . . . , B n } be the collection of bases of a matroid M on [d] . Inside the polynomial ring K [t 1 , . . . , t d ] over a field K , we consider the semigroup ring R M ⊂ K [t 1 , . . . , t d ] which is generated by the n square-free monomials whose support is a basis of M. This subring R M is called the basis monomial ring of M and was introduced in 1977 by N. White, who showed that, for every matroid, the ring R M is normal and thus Cohen-Macaulay (see [11] ).
Recall that a K -algebra R is called standard graded if R = S/I , where S = K [x 1 , . . . , x n ] is a polynomial ring with grading deg(x i ) = 1 and I ⊂ S is a homogeneous ideal. Let m = (x 1 + I, . . . , x n + I ) be the graded maximal ideal of R. Then the residue field K ∼ = R/m is a finitely generated, graded R-module. The algebra R is said to be Koszul provided the graded minimal free R-resolution of K is linear. In other words, the entries of the maps which appear in the graded minimal free R-resolution of K are either zero or linear forms. Refer to [4] be a presentation of R M with I M = ker ϕ. Then R M = S B /I M has the structure of a standard graded K -algebra. Motivated by the question of whether R M is Koszul, we introduce the notion of sortability for a system V = {V 1 , . . . , V n } of subsets of the ground set
[d] which have the same cardinality. In Section 2 we give the definition of sortability and generalize matroid operations such as deletion, contraction, duality and parallel extension (see Section 2 for the definitions) to such systems V. Let R V = K [m 1 , . . . , m n ] be the homogeneous semigroup ring, where m i is the square-free monomial in K [t 1 , . . . , t d ] with supp(m i ) = V i for i = 1, . . . , n. For semigroup rings of the form R V the generalized matroid operations on the generators extend the concept of combinatorial pure subrings introduced by Herzog et al. in [7] .
A sufficient condition for an algebra to be Koszul is that the presentation ideal has a quadratic Gröbner basis. We use the result of Sturmfels (see [10, Theorem 13.4] ) that the toric ideal of R U r,d has a square-free quadratic Gröbner basis G with respect to a certain term order, where U r,d denotes a uniform matroid of rank r . If V is a sortable system of r -element subsets of [d] , then the ring R V is a consistent K -subalgebra of R U r,d (see Definition 3.4) , thus a subset of G forms a Gröbner basis for the toric ideal of R V . In particular, R V is Koszul. Moreover, we show that the generalized matroid operations defined in the first section preserve sortability.
In Sections 4 and 5 we study matroids for which the collection B of bases is a sortable system of the ground set [d] . We call such a matroid base-sortable. The results shown in Section 3 imply that the class BS of base-sortable matroids is closed under the generalized matroid operations of taking minors, direct sum of matroids, and parallel and series extensions. In the fourth section we observe that every matroid of rank 2 is base-sortable and characterize all base-sortable rank 3 matroids with an infinite list of excluded deletions.
In Section 5 we study two classes of base-sortable matroids. We show that a graphic matroid M is base-sortable if and only if it is the direct sum of parallel-series networks (see Section 5 for the definitions). This is equivalent to saying, that M has no minor isomorphic to M(K 4 ) and U 2, 4 , where M(K 4 ) is the graphic matroid of the complete graph K 4 on four vertices. Let C d denote the regular d-gon in the plane whose vertices are labeled clockwise from 1 to d. We prove that a transversal matroid M on [d] is base-sortable if M has a presentation A = (A 1 , . . . , A r ) such that every set A i labels a consecutive set of vertices of C d . In Section 6 we give some concluding remarks on the results and problems discussed in the preceding sections.
The author thanks Victor Reiner for several inspiring discussions on the subject and the School of Mathematics, University of Minnesota, for the warm hospitality during the time where a part of this article has been written.
NOTATION AND DEFINITIONS
We begin by describing the setting. Let be a finitely generated subsemigroup of N d and E = {λ 1 , . . . , λ n } a minimal system of generators for . We consider the semigroup ring R = K [ ] where K denotes a field. The toric ideal I is the kernel of the homomorphism
It is a well-known fact that R ∼ = K [x 1 , . . . , x n ]/I has the structure of a homogeneous K -algebra with standard grading deg(x i + I ) = 1 if the semigroup generators lie on an affine hyperplane of N d . Moreover, the toric ideal I is generated by all binomials of the form
In this article we always consider homogeneous semigroup rings of a specific form. Let
denotes the semigroup ring generated by the n square-free monomials of degree r in
where S V denotes the polynomial ring in the variables indexed by the sets in V. To simplify notation we identify a set
We may always assume that V 1 > lex V 2 > lex · · · > lex V n where > lex is the lexicographic order on N r . Let M be the set of monomials in S V . For every u ∈ M, deg(u) = k and u = x V i 1 . . . x V i k , we order the indeterminates so that i 1 ≤ i 2 ≤ · · · ≤ i k is satisfied. We associate a k × r matrix A(u) = V i 1 , V i 2 , . . . , V i k t whose rows are the corresponding vectors V i 1 , . . . , V i k (cf. [3] ).
Since A(u) is unique, we may identify M with the corresponding set of matrices {A(u) : u ∈ M}. Moreover, we define supp(A) to be the multiset consisting of all entries of A(u). For all binomial generators u − u ∈ I V in the toric ideal we have supp(A(u)) = supp(A(u )).
Then A is said to be sorted with respect to ≺ ω if
For an arbitrary matrix A, we define sort ω (A) to be the unique sorted matrix of the same size such that supp(sort ω (A)) = supp(A).
In the case that ≺ ω is the usual order 1 ≺ 2 ≺ · · · ≺ d we simply use ≺ to denote the order and write sort(A) instead of sort ω (A). To illustrate the sorting operator we give an example. Then the row vectors of the matrix sort ω (V ) are also elements of the system V.
V is called a sortable system if a linear order ≺ ω on [d] exists such that ≺ ω is a sorting order for (V, ≺ ω ).
Of particular interest in this paper are semigroup rings arising from matroids. For the convenience of the reader, we recall some basic notation from matroid theory. For detailed information we refer to [9] .
) where I is a pure simplicial complex on is said to be dependent, if A is not an independent set of M. A circuit C of M is a dependent set such that C − x is independent for all x ∈ C. We recall that every matroid M has a rank function rk : where supp(m i ) = B i is a basis of M for i = 1, . . . , n is called the basis monomial ring of M (see [11] ).
The study of basis monomial rings motivates the extension of matroid operations to minimal systems of generators of certain homogeneous semigroup rings, generalizing the concept of combinatorial pure subrings which was introduced by Ohsugi et al. in [7] .
We always assume that V is a system of r -element subsets on [d] . In the case where V is the collection of bases of a matroid M on [d], the following operations coincide with those defined for matroids. We use the standard notation from matroid theory (see [9] ).
Let V = {V 1 , . . . , V n } be as above and i ∈ [d]. We define the deletion of i, denoted by V \i, to be the following collection of subsets in {1, . .
In the case where there is a V j ∈ V such that V j ⊂ [d] − A the semigroup ring R V\A is a combinatorial pure subring of R V , as defined in [7] .
We call
is the associated homogeneous semigroup ring, then R V * is generated by n square-free monomials
Since all monomials have the same degree d − r , R V * is also homogeneous. We observe: REMARK 2.3. The semigroup rings R V and R V * are isomorphic as K -algebras.
We define V/A = (V * \ A) * to be the contraction of V at A. We call a system V of r -element subsets of In the case that M is affine this operation corresponds to placing a new point generically into the subspace spanned by the elements of F.
More specifically, if F is a flat of rank 1 containing a non-loop i ∈ [d] , N is called a parallel extension of M at the point i. We write N = M + i p. The corresponding dual operation of a parallel extension is a series extension.
Let V = {V 1 , . . . , V n } be a system as above and i ∈ [d] such that i ∈ V j for some j ∈ {1, . . . , n}. We define
We identify the subsets of [d 2 ] with the subsets of set
. We note that the associated semigroup ring R V 1 ⊕V 2 is the Segre product R V 1 * R V 2 of the rings R V 1 and R V 2 .
THE CLASS OF SORTABLE SYSTEMS AND THEIR SEMIGROUP RINGS
In this section we study the class S of sortable systems V. First we consider this class from the algebraic point of view observing that the associated semigroup ring R V is Koszul. Then we show that S is closed under the generalized matroid operations which are defined above. For a detailed introduction to Gröbner bases we refer to [10] . For the proof we use a result from [10] (see also [3] 
Moreover, the standard monomials with respect to < τ (these are the monomials which do not belong to in < τ (I U r,d )) correspond to the sorted matrices of M.
In addition, we need the following well-known technique (e.g., see [3] 
and
we have ker(ψ) = ker(ϕ) ∩ K [t m : m ∈ N ]. We observe:
exists such that the ideal ker(ϕ) has a Gröbner basis G with respect to < τ , with the property:
is a Gröbner basis of ker(ψ) with respect to < τ .
PROOF. Let g ∈ ker(ψ). Since we also have g ∈ ker(ϕ), there exists f ∈ G such that
With the notation and hypothesis of Lemma 3.
PROOF OF PROPOSITION 3.1. Let V = {V 1 , . . . , V n } be a sortable system of subsets of
we may assume that 1 ≺ 2 ≺ · · · ≺ d is a sorting order for V. By Theorem 3.2, the ideal I U r,d ⊂ S B has a square-free quadratic Gröbner basis G with respect to a term order < τ such that sort(M) forms the set of standard monomials. If ≺ is a sorting order for V, then Lemma 3.3 implies that G ∩ S V is a Gröbner basis for the toric ideal I V .
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As a direct consequence of the results above we observe: REMARK 3.5. Let V be a sortable system. Then R V is a consistent subalgebra of R U r,d . Moreover, the sorting property extends to arbitrary matrices A ∈ M, i.e., every row of sort ω (A) ∈ M is the support of a monomial generator of R V .
We now study the class S of sortable systems with respect to the generalized matroid operations defined above. 
where V i , V j ∈ V and i ≤ j. Since V has sorting order ≺ the row vectors c 1 and c 2 of the matrix C = sort(A) are again elements of V.
Since sort(A) is sorted we observe that sort(A) * is also sorted which concludes the proof.
(b): Sortability is trivially preserved under deletion. By (a), the same holds for contraction. (c): 
Let V i , V j ∈ V with i ≤ j be two vectors of V and A = V i , V j t be the corresponding matrix. We replace each entry d + 1 by i. By definition of V we obtain a matrix A whose row vectors belong to V. Since ≺ is a sorting order for V, the rows of sort(A) are again elements of V. Without losing the sorting property we can replace the corresponding number of i-entries by d + 1, this gives us sort ≺ (A ). The row vectors belong to V which yields condition (S) for V . Since parallel and series extension are dual operations, (a) implies the assertion for series extensions.
. We may assume that 1 ≺ 2 ≺ · · · ≺ d i is a sorting order for V i . We extend the given linear orders to a linear order [3] that V belongs to the class S. All semigroup rings which can be obtained by the operations in Proposition 3.6 have sortable generators and thus a quadratic Gröbner basis.
BASE-SORTABLE MATROIDS OF RANK ≤ 3
In this section we study the class of matroids M for which the collection of bases is a sortable system. We give necessary and sufficient conditions for a matroid to belong to this class and classify all base-sortable rank 3 matroids by excluded minors.
An ordered matroid (M, ω) consists of a matroid M and a linear order ≺ ω on the ground set The class BS is closed under certain principal extensions along flats of rank 2.
PROPOSITION 4.4. Let (M, ≺) be base-sortable and F be a proper independent flat of rank 2 which is consecutive modulo d. Then the principal extension N
PROOF. Using Propostion 4.6 we may assume that F = {1, 2}. Then a similar argument as in the proof of Proposition 3.6(c) shows
In the following we study necessary and sufficient conditions for base-sortability. We note that loops and isthmes do not affect base-sortability. For the proof we use the following lemma. The collection of bases of W r consists of the rim and all edge sets which form spanning trees in W r . To be precise, W r is the unique relaxation of the graphic matroid M(W r ), i.e., we obtain W r from M(W r ) by removing the circuit-hyperplane which consists of all edges of the rim (see [9, p. 293 ] for more details). We label the edges of W r as shown in the figure. Then all proper dependent flats of W r are consecutive modulo d. Thus, by Proposition 4.5, the matroid W r is base-sortable.
We give a necessary condition for the property of base-sortability. PROOF. We argue by contradiction. Since BS is closed under taking minors, we may assume that M has a circuit-hyperplane C which is not consecutive modulo d. Let rank(M) = r . Applying Lemma 4.6(a) we may assume that 1 ∈ C and d / ∈ C. Since C is not consecutive modulo d there is a j ≺ d such that {1, . . . , j − 1} ⊂ C and j / ∈ C. Moreover, we have |C| ≥ r because C is dependent. We define the matrix
Since C is a circuit-hyperplane, the rows of A are bases of M. We get
But the first row of sort(A) is contained in F, thus it is not a basis of M, which is a contradiction. 2
We believe that Proposition 4.8 also gives a sufficient condition for base-sortability. We know that Conjecture 4.9 is true for matroids of rank 2 or 3 by the following Proposition 4.10, and can prove it for rank 4 matroids in a brute force case by case computation.
In the specific case of rank 3 matroids, the sufficient condition in Proposition 4.5 is also necessary. We have
PROPOSITION 4.10. Let ≺ be the usual linear order on [d] and (M, ≺) an ordered matroid of rank 2 or 3. Suppose M has no loops and isthmes. Then the following are equivalent: (a) ≺ is a base-sorting order for M. (b) All proper dependent flats are consecutive modulo d. (c) The circuit-hyperplanes of M are consecutive modulo d and the same holds for all minors of M in the restricted order.
For the proof we recall that every matroid M of small rank has a geometric or affine representation, as we describe here (see [9] for more details). Let r = rank(M) and r ≤ 3. We draw a picture in affine (r − 1)-space, where the ground set of M is represented as a set of points. A set of points is joined by a possibly curved line if the corresponding subset in the ground set is dependent. Affinely independent sets of points which are not explicitly joined by a line correspond to independent sets of M. Parallel classes are visualized by multiple points.
PROOF OF PROPOSITION 4.10. We know already by Proposition 4.5 that (b) implies (a) and by Proposition 4.8 that (a) implies (c). It remains to show the following: If M has a proper dependent flat F which is not consecutive modulo d, then M or a minor of M has a non-consecutive circuit-hyperplane. Applying σ as in Lemma 4.6, we may assume that {1, 3} ⊂ F and 2 / ∈ F. We first consider the case that rank(M) = 2. Then rk(F) = 1. By a suitable deletion, we get one of the following minors on {1, 2, 3, 4} which both have a non-consecutive circuithyperplane: •
This is a contradiction. Now let rank(M) = 3. We have two cases: rk(F) = 1 and rk(F) = 2. We consider the case rk(F) = 1 first. By a suitable deletion we get one the following minors with the vertex set In both cases there is a non-consecutive circuit-hyperplane, a contradiction. 2
We can now use this to characterize all base-sortable matroids of rank 3.
THEOREM 4.11. Let M be a matroid on [d] of rank 3. Then M is base-sortable if and only if the underlying simple matroid M has a geometric realization which either consists of a k-gon, k ≥ 3, whose lines are formed by the dependent 2-flats of M, or a collection of paths, which consist of the dependent 2-flats of M, and generic points.
We reformulate Theorem 4.11 in terms of excluded deletions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .   . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .   . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
CLASSES OF BASE-SORTABLE MATROIDS
In this section we characterize the class of graphic base-sortable matroids and show that transversal matroids with certain presentations are base-sortable.
Recall that a matroid
is the set of edges of a graph G and the circuits of M are the cycles of G. Equivalently, the bases of M correspond to the spanning forests in G (see [9] ). A graphic matroid M(G) is called a series-parallel network if the graph G can be obtained from either of the two connected single-edge graphs by a sequence of operations each of which is either a series or a parallel extension (see [9] ). Let G be a graph.
A subgraph H of G is said to be homeomorphic from G if H can be obtained from G by removing vertices of degree 2. Compared to the general case, it turns out that, for graphic matroids, base-sortability is much easier to characterize. We have the following classification: 
CONCLUDING REMARKS
The observations in the preceding sections motivate the study of generalized matroid operations for other classes of semigroup rings. Let R be a homogeneous semigroup ring generated by square-free monomials of the same degree and I its toric ideal. We introduce some notation.
Let QG be the collection of all homogeneous semigroup rings such that I has a quadratic Gröbner basis for some term order, K, the collection of Koszul semigroup rings, and, Q, the collection of those for which I is generated by quadrics. The inclusions QG ⊂ K ⊂ Q are known in general.
Herzog et al. PROOF. Remark 2.3 implies immediately that the classes QG, K and Q are closed under taking minors. Koszulness is preserved under Segre products for arbitrary homogeneous K -algebras (see [1] ). A straightforward computation shows that the same holds for the class Q.
Finally, we give a survey on the preceding results: The class of basis rings of matroids which belong to Q bas been considered by N. White in [12] . He has shown that this class is also closed under taking minors and direct sums.
By Theorem 4.12, M(K 4 ) is the smallest matroid which is not base-sortable. Naturally the question arises of whether there is some term order such that I M(K 4 ) has a quadratic Gröbner basis. We used the program TiGERS (see [6] ) to try to compute all possible initial ideals of I M(K 4 ) . So far, TiGERS has computed more than 434 500 initial ideals of which none is quadratic. Since we expect that there are a huge number of possible Gröbner bases for I M(K 4 ) this is only an indication that I M(K 4 ) might not have a quadratic Gröbner basis. Nevertheless a computation with MACAULAY2 (see [5] ) shows that R M(K 4 ) has a Koszul filtration (see [2] ) which implies that this ring is Koszul.
In [12, Conjecture 12 ] N. White conjectures in terms of exchange properties for bases that, for every matroid M, the toric ideal I M is generated by quadrics. One can ask the following question, which is even stronger: Let M be an arbitrary matroid. Is the basis monomial ring R M Koszul?
